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Abstract

This research paper presents novel insights into the representation, ranking, and defuzzification of pentagonal fuzzy
numbers. The fundamental foundation of this study lies in the development of a robust pentagonal fuzzy number,
which is explored through diverse representations that harness the principles of continuity within the membership
function. To facilitate practical implementation, a vatiety of defuzzification methods are meticulously applied, re-
sulting in the transformation of fuzzy data into crisp. The significance of pentagonal fuzzy numbers is further illu-
minated through their application in the context of game theory, specifically within the domain of matrix games.
This strategic analysis explains the pragmatic relevance of pentagonal fuzzy numbers in deciphering complex real-
world scenarios and optimizing decision-making processes. Theoretical constructs are bolstered by numerical exam-

ples, empirically showcasing the practical applicability of the developed theory.

Keywords: Pentagonal fuzzy number, Ranking, Defuzzification, Two person zero sum game.

1 Introduction

It is commonly believed that all details accessed by the entities are represented in
crisp numbers. However, most real-life systems are engaged when the goals and con-
straints are often vague or unclear. Due to the scarcity of accurate data and details
concerning the decision-maker, the fuzzy set theory presented by [28] has a vital role
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in the uncertainty theory. [11, 12] analyzed numerous procedures. Type 2 fuzzy sets
or interval-valued fuzzy sets designed by [29]. [3, 4] submitted intuitionistic fuzzy sets.
[27] evolved fuzzy multi-sets. [24] delivered the concept of neutrosophic fuzzy sets.
[5] specified the probability distribution of the objective function in light of parame-
ters expressed as fuzzy triangular numbers. [8] suggested a new technique for ranking
fuzzy numbers based on length. [14] supplied the theoretical basis of fuzzy numbers,
which was associated with the possibility and Dempster-Shafer theories and conveyed
various types of fuzzy number expressions. [9] suggested a novel arithmetic notion
and process for conducting arithmetic operations on triangular-fuzzy numbers. [16]

depicted fuzzy arithmetic operations to eradicate some of the ambushes of the classical
approach. From the perspective of analytical geometry, [25] designated the centroid
formulae for fuzzy numbers. [2] offered a defuzzification using the two fuzzy number’s
distance minimizer. Several modes of ordering trapezoidal fuzzy numbers were con-
ceived by [1]. [19] submitted trapezoidal intuitionistic fuzzy numbers (IF numbers)
and revealed some of its operations. Some further arithmetic operators of the trape-
zoidal fuzzy numbers utilized in [26] suggested an efficient explanation for fuzzy risk
investigation. [7] furnished a novel hazard analysis procedure based on a new tool for
generalized hierarchies. A novel resolution to a typical fuzzy transportation problem
was originated by [15]. [21] analyzed symmetric fuzzy numbers, specified an equivalent
definition of convex fuzzy sets, and proposed a technique for creating a symmetric con-
vex fuzzy set. [17] proclaimed that no underlying membership functions were needed
and explained many aggregation operators. A further procedure for defuzzifying gen-
eralized fuzzy numbers was designed by [22]. [18] presented and approximated many
strategies for total ordering in the intuitionistic fuzzy numbers (IFNs) category. [10]
suggested ranking fuzzy numbers with widely deviating stretches. [13] presented an
alternate technique for estimating additional arithmetic operations of a system using
the sigmoidal number under the fuzzy background. [23] involved fuzzy arithmetic oper-
ations to equations employed to describe anticipation in multiple applications. The
idea of pentagonal-fuzzy number (PFN) was submitted in a broad insight by [20].[6]
formulated pentagonal-fuzzy numbers with other expressions to analyze the conse-
quence of optimal strategies for the candidates in real game situations.

This article covers all defuzzification formulas, expressions, and techniques by consid-
ering the continuity of membership functions. The solution to the game problem is
ultimately detected, and the results are compared to [6]. Subsequently, the present
paper provides the updated version of optimal strategies and values of matrix games
mentioned in [6].

This article is prepared: Section 2 includes preliminaries and pentagonal-fuzzy num-
bers with various expressions, and their « cuts are consulted in Section 3. Section
4 contracts with three defuzzification procedures of linear pentagonal fuzzy numbers
with symmetry. In Section 5 hierarchy of pentagonal-fuzzy numbers is depicted. Three
numerical illustrations and suggested defuzzification approaches have numerically
resembled in Section 6. Section 7 finishes with the conclusion of this paper.

2|Preliminaries

In this section, we recall some basic definitions and notations which are useful
throughout the paper.

Definition 1. A fuzzy set A is the collection of ordered pairs (z,pz(x)) defined on
the universal set X and denoted by A = {(z,p ;(x))|z € X andp ;(x) € [0,1]}, where
pwi @ X — [0,1] is the membership function of Alt is commonly believed that all
details accessed by the entities are represented in crisp numbers. However, most real-
life systems are engaged when the goals and constraints are often vague or unclear.
Definition 2. An interval valued fuzzy set A defined on the universal set X is
represented by A = {(x, (150 (x), 5. (x))) |z € X}, where pzo : X — [0,\] and
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tic : X — [0,w] are the upper and lower membership functions with the maximum
values A and w respectively.

Definition 3. A non linear interval valued triangular fuzzy number AnLIVEN 08
denoted by Anrrven = [{(a1,b,c150), (a,b,c;w)};€1,82,83,84] where 0 < w < A <1
and a1 < a < b < ¢ < ¢1. The upper and lower membership functions are defined as

follows:
§
A(%) ' sar <x<b
;r =0
v () = & (1)
A(E—:z’) b<zx<c
else
and e
w(ﬁ:j) ia<z<b
w i =>5
pae(x) = € (2)
w(‘;:i) <z <c
0 selse

3|Pentagonal fuzzy number and its different
representations

Within this section, we have established distinct categories of pentagonal fuzzy num-
bers by leveraging the continuity of the membership function—a dimension that was
notably absent in the framework presented by [6].

Definition 4. A pentagonal fuzzy number with pz(x) as membership function is
represented by A= (a1, as2,as,aq4,as) and satisfies the following conditions:

1. pz(z) is continuous in [0, 1].
2. pj(x) is strictly increasing continuous function on a1, as] and [az, as].
3. pji(x) is strictly decreasing continuous function on [ag,as] and a4, as).

Definition 5. Linear pentagonal fuzzy number with symmetry (LS) is represented by
Aps = (a1,a2,as,aq,as5; k). The revised definition by the Figure 1 with a continuous
membership function is given as follows:

k(ﬁ) ;a1 <@ < ap
0 (222) sor < 50
1 o =a
Has(®) = ket (1—k) (2=2) ;a3§;§a4 o
k(ﬁ) sag <@ < ap
0 ;else
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Fig. 1 Linear PFN with symmetry (LS).

Definition 6. The revised a-cut of linear pentagonal fuzzy number with symmetry is defined
as the collection of all x € X having membership function uz;

(7) as greater
than or equal to o i.e. Aq = {x € Xz (xr) > a} is given by

leEa§:a1+k(g2(_al) | ,ae%o,k}

B or(@) = az + 9= (a3 —az2) ;a € |k, 1

Aa B AQR(OZ) = a4 1 : (a4 CL3) RS [:ZC, 1] (4)
Aigp(a) = a5 — § (a5 —as) s €[0,k]

Here Ajp(a), Aap (o) are the increasing functions of o and Ajg(a), Asr(a) are the
decreasing functions of a.
Definition 7. Non linear pentagonal fuzzy number with symmetry (N S) is represented

by Ang = (a1, as,as, aq, as; k)(&’&;cl&). The revised definition by the Figure 2 with
a continuous membership function is given as follows:

&
Bz jar < <ay
L \E2
k+(1—k)(a37a22> jaz < v < ag
1 r=a
[iy () = a ’ ()

_ as—x .

k(=) (255) " jas <2 < aa
NS

k (ﬁ) jag S v < as

0 ;else
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()

Fig. 2 Non Linear PFN with Symmetry Apg.

Definition 8. The revised a-cut of non linear pentagonal fuzzy number with symmetry
is defined as the collection of all x € X with membership function iy (x) as greater
than or equal to a i.e. Aq ={x € X|pjz, () > a} is

AlLa)falJr(%jgl (a2 —a1) ;o €[0,k]
A2L a)—a2+ ?kj€2 3*(12 Oée[k’ 1]

(
Asr(a) = aq — ( ,’{j & (ag — a3) ;a € [k, 1]
(

=3
Air(a) = a5 — (%) < (a5 — aaq) ;a €10, k]

Here Ay1p(a), Asr () are the increasing functions of a and Air(a), Asr(a) are the
decreasing functions of .

Definition 9. The revised definition of linear interval valued pentagonal fuzzy num-
ber with symmetry (LIPS) Aprps = {(a1,a2,¢,a4,as5;k,p), (b1,b2,c, by, bs;w,q)) is
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defined by the Figure 3 with upper and lower membership functions as follows:

p(%) jar <o < ag
p+(k—p)(§:g;) jag <z <c
k T =c
M Au (1‘)2 _ (7)
LIPS p+(k—p) (‘Z?i el r<ay
p(ﬁ) jag <o < as
0 ;else
and
0 (i) by <@ < by
q+(w—q)(”§:f,’j) b <z <c
w T =c
pi (z) = - (8)
LIPS g+ (w—q) (l;,i,aé je<ax<by
q(ff%bﬁ) ;by <@ < bs
selse
Max)
A
1
k
P
q
o aq ay by by c by bs a, as ’X

Fig. 3. Linear IVPFN with symmetry (LIPS).

Definition 10. The revised a-cut of linear interval valued pentagonal fuzzy number

with symmetry is defined as Aprpsa = U (Aglps) ey ([lflps) for o € [0, w];
(e3> 2 aq [e51
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Qo € [O,k].
here
" ((AYip(a2) = a1 + 22 2 (a2 —a1) ;o2 €[0,p]
(Airs),, = autiion) ot Bl ot e ©)
Qs A 2R(Of2) = a4 — Cvz_pp (a4 — C) Qo € [p, ]
\ AY 1 gp(a2) = a5 — Z(as —asg) ;02 €[0,p]
and

114]‘1L(Oé1)=b1+“1 (bg —b1) ;a1 €10,4]

(AL ) _ AL 2L(a1)—52+?,,1_5(0*52) ;a1 € (g, w]
LIpPs) Alop(ar) = by — wl:q (by — ) ;1 € [g,w]
\ALlR(al):bS_%(bS_IM) ;ar € [0, 4]

Here AYr(aw), AYsr(as), AFip(ay), AYsrp(aq) are the increasing functions of
as and oy correspondingly and AYir(as), AVsr(as), A¥1r(ay), AFsr(ay) are the
decreasing functions of as and o correspondingly.

Definition 11. The  membership  functions of linear interval  wval-
ued pentagonal fuzzy number —with —asymmetry (LIPAS) Apipas =
((a1,a2,c,aq4,as5;k,p,7),(b1,ba, c,bs, bs;w, q, s)) are defined by the Figure 4 with upper
and lower membership functions as follows:

(10)

4
p(%) ja1 <o < ag
p+ (k— p)(gc” 3;) ;a2 <x < ¢
k i =c
piv  (x) = ’ (11)
Al rpas r+(k—r) (‘Zi:c) ;e<x < ay
r(=s) Jas < @ < as
L else
and .
a(E=h) by < a0 < by
g+ (w—q) (=) < <c
w ix=c
e (x) = ’ (12)
ALrpas s+ (w—s) (Zi:i) e < ax<by
3(:;:52) iba <@ < bs
L 0 ;else

Definition 12. The revised a-cut of linear interval valued pentagonal fuzzy number

with asymmetry is defined as Arrpasa = U (flgIPAS) o U ( LIPAS) for aq €
(65 a2

[0 w] Qg € [O,k']
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00
~
1
k
p
q
o ay a2 b1 b c by ag bg ag Tx
Fig. 4. Linear IVPFN with asymmetry (LIPAS).
Where
(AY () = a1 + P (az —a1) ;a2 €[0,p]
P AY51(az) = az + S2=L (¢ — az) ;a2 € [p, K]
AU ) _ 2L (2 k—p ) ’ 13
< LIPAS ) AY5r(as) = ag — =" (as —c) ;09 € [, K] (13)
( AV p(a2) = a5 — 22 (a5 —a4) ;a2 € [0,7]
and
(AL p(an) = b + (b2 —b1) ;a1 €10,4]
~ ALQL(al)ZbQ—Fu(C—bQ) s € [q w]
Afrpas) = v ’ ’ 14
( LIPAS (o1 ALQR(al) = b4 - 6:1)1:85 (b4 — C) s € [S,UJ] ( )
( Al p(on) = bs — & (bs — by) ;a1 € [0, 8]

Here AY p(a2), AYsr(ae), AFip(ay), AFor(ay) are the increasing functions of
as and oy correspondingly and AYir(cas), AVsr(as), A 1r(ay), AFsr(ar) are the
decreasing functions of as and aq correspondingly.

Definition 13. The membership functions of non linear interval wval-
ued  pentagonal  fuzzy  number  with  symmetry (NIPS) Anrps =

<(ala az, C,aq4, as; k‘lap)(§17§2;gl’g2) ) (bla b27 C, b47 b57 w, Q)(§1,§2;C1,C2)> are deﬁn6d by the

Figures 5 to 8 for different parameters &1,&2, (1, (o with revised continuous upper and
lower membership functions as follows:
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ix)

(o) aq a2 by b2 4 bs bsag a5 X

Fig. 5. Anrps for €1,62,¢1,¢2 > 1.

( z—aq &1 .

p(a?al) ;a1 < < ag
&2
p+k—p) (=2) jaa<a=<c
k ;T =c
HAY pe(®) = NG (15)
p+(k—p)(33;g) c<r<a
C2

p(;‘fj;) jas <z < ag

( O ;else

and

( z—by &1

q(bz—bl) 301 < ax < bo
&2
q+(w—q)(”§:§§) ;00 < <c
w T =c
NA%IPS( ): b ¢t (]—6)
g+ (w—q) (B=2)" se<a < by
b=z ) *? by <ax<b

q bs —ba y V4 = = U5

L O ;else

Definition 14. The revised a-cut of non linear interval valued pentagonal fuzzy num-

ber with symmetry is defined as follow: Anrpsa = U (A%IPS) oU (A%IPS) for
a2 a2 %) aq
a1 € [0,w]; as € [0, K].
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Pa(®)

o a1 a2 b1 b c bs  bsag as X

Fig. 6. Anrpg for £1,62 > 1;¢1, 62 < 1.

Bi(x)

a1 D1 az by [ by bsag a5 X

o

Fig. 7. Anrps for €1,€2,¢1,62 < 1.
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Hi(x)

ag b1 ay b c

o

by bsag a5 X

Fig. 8. Anipg for 1,62 < 1;¢1,¢2 > 1.

Where
AUlL(Oé2> =a1 +
—u AY51 (a2) = as +
(ANIPS>Q =
? AY5p(az) = a4 —
A% 1gr(ag) = a5 —
and )
ALlL(O-’l) =b + (
- AL (an) = ba + (
(ANIPS>a =
' Alsp(an) = by — (
| AL p(ay) = bs — (

Here AV r(as2), AYsr(an), AP (o), ALorp(ay) are the increasing functions of
s and oy correspondingly and AY g(az), AYsr(as), AFir(ar), Afar(ay) are the

1

;o1 € [07Q]

o1

q

) (b5 — b)) ias € (0.4

decreasing functions of as and oy correspondingly.

The
Sfuzzy

Definition 15.

ued pentagonal number  with

membership  functions
asymmetry

of mnon linear
(NIPAS)

interval
ANnripas

(17)

(18)

val-
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<(a1, as, c,aq,as; k,p, S)(&,Ez;ﬁ,éz) , (b1,b2,c,bg, bs;w, q, t)(§17£2;41742)> are defined by
the Figures 9 to 12 for different parameters £1,&2, (1, (2 having continuous upper and
lower membership functions as follows:

( 1
r—ai .
p (a2_a1 ’ ;an S €T

< ag
T a &2
p+k—p) (£2) im<ezc
i =c
pay, (@) = B (19)
s+ (k—s) (Zi_c) je<ax < ay
2
s (=2 jas < 7 < ag
L 0 ;else
and
r b 1
q(é,ﬁ by <@ < bo
2—bo &2
g+ w—q) (=) i <a<c
w X = cC
HAL pas () = , (20)
t—!—(w—t)(bijc”) ie<xz<by
2
t(,f;’:% by < < bs
L 0 selse

Bi(x)

o a1 a2 bq by c ag bg bs E X

Fig. 9. Anrpas for €1,62,¢1,¢2 > 1.
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B(x)

o a1 a2 b1 b2 c bg a4 bs a5 X

Fig. 10. Anrpas for &1,62 > 1;¢1, (2 < 1.

Definition 16. The revised a-cut of non linear interval valued pentagonal fuzzy num-
ber with asymmetry defined as Anrpasa = U (A%IPAS) o U (A]L\,IPAS> for
@2 (o2 aq

a2

a1 € [O,UJ],' Qg € [O,k]

Where
( AU — ) _ ) 0
(o) = a1 + » (a2 —a1) ;a2 €[0,p]
~ U — az—p 512 _ .
(AIZ{HPAS) _ ) A%2r(a2) =az + ( k_i) 1 (¢ —a2) ;a9 € [p, K] (21)
«2 ao—S <1 .
AY5r() = ag — ( 2 ) (ag — ¢) ;aq € [s, K]
( AV r(a2) = a5 — (%2) 2 (a5 —aq) ;a2 €[0,5]
and

(’T) (b —b1) ;a1 €0,q]

(

(Akrpas) = Aano) = b+ (S5) 7 =) s e lowl )
(
(

1

al*:) o (bs —¢) ;1 € [t,w]

1o
SL)<z (bs —by) ;a1 € 0,1

1

(| A1 r(a) = bs —
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p(x)
k
r
P
q
o a1 a2 b1 b2 c by a4 bs a5 X
Fig. 11. Anjpas for &1,€2,¢1,62 < 1.
Bs(x)

o a1 a2 bq b2 c bg ag bs a5 X

Fig. 12. Anrpas for &1,62 < 1;¢1,¢ > 1.
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Here AY1r(a2), AY2r(ag), AF1p (1), A2 (ay) are the increasing functions of
as and «; correspondingly and AYr(a2), AYsr(as), AF1r(ar), AFar(ay) are the
decreasing functions of as and «y correspondingly.

4|Defuzzification

The defuzzification method converts the fuzzy inference result into an appropriate
exact value. It plays a critical role in a fuzzy environment. For fuzzy logic, several
defuzzification techniques are available, such as the center of the area (centroid), great-
est of maxima, smallest of maxima, mean of maxima, the bisector of area, graded
mean integral value, and so on. We investigate three methods to defuzzify the linear
pentagonal fuzzy number with symmetry (LS) based on different approaches. Our
results are compared with [6].

4.1|Centroid Method

In this section we have proposed a method for the defuzzification of non linear
pentagonal fuzzy number with symmetry as follows:

‘ja“f TUA g (m)derfa“; TRE (m)dm+f“4 TpF (:E)d:t+fa5 TUF o (z)dx
T lih g AT 75 fian e @ T [T iz (V0T[5 iy o (@)da (23)

R =

- Q

From Egs. (5) and (23) we obtain
as . &1 as . &2
p:/ x{k(x al) i|dx—|—/ xlkz—l—(l—k}—e az) ]da:
as — ai asz — a2
2\ G 57z
+/ k‘—l—(l—k‘%% ) dx—l—/ dx
as — as r—CL4

Q= / l (@_‘Z)EI] d:c+/a3 {k+(l%_z>j da
[ ) e [ )

On computing we have

P - kas(az—ay) k(az—a1)? k(a32—a22) + (1—k)az(az—a2)
- (61+1) (§1+1)(§1+2)2 T 2 (£2+1)
_(—k)(az—az)? | k(as®—as®) | (1-kas(ai—as) (24)
(§2+1)(62+2) 2 (€1+1)
_|_(1 k)(as—as)? + kas(as—aa) E(as—aaq)?
(D (¢ +2) (G+1) T (C+1D)(¢2+2)
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and

_ k(az—a1) (1—k)(as—az) (1—F)(aa—as)
Q="@rn tThklas—a)+ k<§2+31) = k(e —as) + T T (25)
as —aq

+ (C2+1)

Ifweset &, = 1,6 =1, = 1 and (o2 = 1 then the proposed defuzzification technique
applies for the linear pentagonal fuzzy number with symmetry as follows

L+ M
- N

R (26)

where

I, — kQQ((l22—a1) o k,‘(G.Qg(Ll)z + k(a32;a22) + (1—k)a32(a3—a2) o (1—k)(%3—a2)2 (27)

M= k(aa?—as?) " (l—k)a32(a4—a3) 4 (1—k)(z(134—a3)2 4 kaa(as—as) | k(a5ga4)2 (28)

2 2
and
N = 7k(a2;a1) + Kk (CL3 — a2> -+ 7(17]6)(;37&2) + k (CL4 — CL3) 29
_|_(17k:)(a47a3) 4+ k(as—a4) ( )
2 2
For &k = 1 we have
R (a4? + as® + asas — a1? — az? — aa2) (30)

3(as +as — a1 —az)

4.2|Defuzzification using a-cut

In this section, we propose a method to compute the defuzzification of non-linear
pentagonal fuzzy numbers with symmetry as follows:
Since the left and right a-cuts of a non linear pentagonal fuzzy number with symme-

try Ang = <(a1,a2,a3,a4,a5;k)(§17£2;C1’C2)> are
an
L™ (o) = a1 + (k9 1 (a2 —aq1);x €0, k],
1
_ « 2
R (a) =as — (kaﬁ (a5 — ayq); €0, K],

—k\ &
L_l (Oé) = ao + (Tk) (ag—ag);ae[k:, 1],

1

R (0) = as — (i‘::) " (aa—as); e [k 1].
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Then the mean of a- cut of Axg is

- (" (LT @)+ R (@)
A= /a_O 5 da

[ e, G @ @),
(

_|_
“ 2

_/k (a2 + (2)F (a2 —an)) + (a5 — (2)© (a5 — as))]

o 2

et e m) (@) )]
a=k

do

2

k(ai + as) + Elea—an)  Mas—as) 4 (1 _ k) (ag 4 ay) + Ges—az) Ak (ea_as)
EEDINETD S
2

(31)
Ifweset & =1,& =1, = 1 and (2 = 1 then the proposed defuzzification technique
applies for the linear pentagonal fuzzy number with symmetry as follows

A =
(a1 + as) 4+ Klea—a) _ klas—as) | (1 _ ) (ay + ag) + E=KN@s—az) _ (1=k)(@a—as)
2
(32)
For kK = 1 we have
A:a1+a2+a4—|—a5 (33)

4

4.3|Defuzzification using Removal of Area Method

We consider numerous types of regions of the related linear PFN as illustrated below
Ry (A, 0) = Area of the highlighted region for Figure 13 = 1k (a1 + a2)

R (A, 0) = Area of the highlighted region for Figure 14 = 1 (1 — k) (a2 + a3)

R3 (/Al, 0) = Area of the highlighted region for Figure 15 = 1 (1 — k) (a3 + a4)

Ry (A, 0) = Area of the highlighted region for Figure 16 = ;]ﬂ (a4 + as)
Therefore,

7 (5.0) - Ry (4,0) + Rz (4,0) ZRS (4,0) + Ry (4,0)
_ %k(al + as) + % (1 —k)(az +as) + % (1 —k)(az +aq) + %k‘(a4 + as) (34)
k(a1 +a2) + (1 —k) (az +asz) + (14— k) (as + aq) + k (as + as)

3 .
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Ha(X)

A\ 4

Fig. 13. First step for removal of region method.

For kK =1, we have

R(ﬁ’o):a1+a2;a4+a5. (35)

4.4|Comparison of the Above Defuzzification Methods

We compared the above proposed defuzzification methods numerically for suitable
pentagonal fuzzy number.

Table 1. Numerically Comparison of Defuzzification Methods.

Defuzzified Value
Example Value of k | by Centroid Method | by Mean of a-cut Method | by Removal of Bounded Area Method
(1,2,3,4,5) 1 3 3 1.5
(1,2,3,4,5) 0.5 3 3 15
(—=2,-1,0,1,2) 0.2 0 0 0

5|Numerical Problems

Example 1. Consider a fuzzy matriz game for two different players A and B whose
pay-offs are linear pentagonal fuzzy numbers with symmetry as follows:

Now using the mean of a- cut method as defuzzification defined by Eq. (32)

for linear pentagonal fuzzy number to convert the given fuzzy pay-off matrix game as
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Fig. 15. Third step for removal of region method.

Table (1) into the following crisp matrix game as Table 3, we have
The above crisp matrix game defined by Table 3 has no saddle point. Therefore according
to the dominance property in matrix games row X; can be dominated by row Xs3. Hence we

have a modified matrix game as Table 4.
Again we have that all the elements of column Y; are greater than or equal to corresponding
elements of column Y3. Therefore column Y; dominates column Y3 and so we can delete the

column Y] for new improved matrix game as Table 5.
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Now each element of average of strategies Y3 and Yy of player B are less than or
equal to the corresponding elements of strategy Y5 of player B. Therefore on deleting
the column of strategy Y5 by dominance property, we obtain a new modified matrix

game as Table (6).

Again each element of strategy X5 of player A is less than or equal to the corresponding
elements of the average of strategies X3 and X4 of player A. Therefore on deleting the
row of strategy Xs by dominance property, we obtain a new improved matrix game

as Table (7).

Which is a 2 x 2 matrix game without saddle point, so the strategy of both the players

are A (0, 0, %, %) and B (0, 0, %, %) respectively and the value of game is

ag ay as

Fourth step for removal of region method

Table 3. Defuzzified pay-off
matrix game.

Strategy | Y1 Yo Yz Yy

X1 2 1 4 0
X2 3 4 2 4
X3 4 2 4 0
X4 0 4 0 8

Table 4. First step of dominance

property.
Strategy ‘ Y1 Y2 Y3 Yy
Xa 3 4 2 4
X3 4 2 4 0
X4 0 4 0 8

8

3-
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Table 5. Second step of
dominance property.

Strategy | Yo Y3 Yi

Xo 4 2 4
X3 2 4 0
X4 4 0 8

Table 6. Third step
of dominance property.

Strategy | Y3 Yi

X2 2 4
X3 4 0
X4 0 8

Table 7. Fourth step
of dominance property.

Strategy | Y3 Yi

X3 4 0
X4 0 8

Example 2. Consider a fuzzy matrix game for two different players A and B whose
pay-offs are linear pentagonal fuzzy numbers with symmetry as follows:

Now using the mean of a-cut method as defuzzification defined by equation (32)
for the linear pentagonal fuzzy number to convert the given fuzzy pay-off matrix game
as Table (8) into the crisp matrix game defined by the Table (9), as follows:



178 Kumar et al. | Opt. 3(2) (2026) 157-185

Table 8. Defuzzified pay-off matrix game.

Strategy | Y1 Yo Y3 Yi

X1 3 2 5 0
X2 4 5 3 5
X3 5 3 5 0
Xy 0 4 0 9

Since the above crisp matrix game defined by Table (8) has no saddle point, there-
fore according to the dominance property in matrix games, strategy X; of player A
can be dominated by strategy X3 of player A. Hence we have a modified matrix game
defined by Table (9).

Table 9. First step of
dominance property.

Strategy Y1 Yo Y3 Yy

X2 4 5 3 5
X3 5 3 5 0
Xy 0 4 0 9

Again we have that all the elements of strategy Y7 are greater than or equal to the
corresponding elements of strategy Y3 for player B. Therefore strategy Y; dominates
strategy Y3 and so we can delete the strategy column Y7 for new improved matrix
game as Table (10).

Table 10 Second step of
dominance property.

Strategy | Y2 Y3 Yi

X2 5 3 5
X3 3 5 0
X4 4 0 9

Further the matrix game as Table (10) can not be reduced by dominance rule. There-
fore by applying the linear programming approach for matrix game, we have

For Player A

max v

such that

5x1 + 3x0 +4x3 > v

31’1 + 5552 +0!E3 2 v

51’1 +0£E2 +9!E3 2 v

X1 =+ X2 —+ T3 = ].

and x1,x2,23,v > 0.
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and

For Player B

min w

such that

5y1 + 3y2 + Sy3
3y1 + 5y2 + Oys
4y1 + Oy2 + 9y3
y1+y2tys=1
land Y1, y2,y3, w = 0.

INIAIA
g €€

Where v, w are the minimum expected gain and maximum expected loss for player A
and B respectively. The above linear programming problems for player A and player B
can be written in the following manner by assuming %’ = R;, _Z; =S fori,j=1,2,3
as
For Player A

min R, + Rs + Rs

such that

5R1 +3Rs+4R3 > 1

3Ry +5R>+0R3 > 1

5R1 +0Rs +9R3 > 1

and Rl,RQ,Rg Z 0.
and
For Player B

max Sy, + S + S5

such that

551 +35> +555<1
351 +55+055<1
4571 +0S55 +955 <1

and 51,52,53 Z 0.

On solving the above linear programming problems by the classical simplex method,
we obtain Ry = 0.2; Ry = 0.08; R3 = 0; .51 = 0; S2 = 0.2; 53 = 0.08; | =0.28 and | =
0.28. So the optimal strategy of both the players A and B are A (0,0.71429,0.28571,0)
and B (0,0,0.71429,0.28571) respectively and the value of game is 3.57143. In [6] the
optimal strategies of the players A (0,9, 134, 15;1) and B (O,Q, 194F 154) and the value of
game % were evaluated.

Example 3. Consider a fuzzy matrix game for two different players A and B whose

pay-offs are linear pentagonal fuzzy numbers with symmetry as follows:

Now using the mean of a- cut method as defuzzification defined by Eq. (32)
for the linear pentagonal fuzzy number to convert the given fuzzy pay-off matrix game
as Table (11) into the crisp matrix game defined by the Table (13), as follows:



180 Kumar et al. | Opt. 3(2) (2026) 157-185

Table 11. Defuzzified pay-off

matrix game.

Strategy | Y1 Yo Y3 Yi

X1 4 4 6 0
Xo 5 6 5 6
X3 6 4 6 0
Xy 0 6 0 10

Table 12. Defuzzified pay-off
matrix game obtained by [6].

Strategy Y1 Y2 Y3 Y,

X1 4 3 6 0
Xo 5 6 4 6
X3 6 4 6 0
X4 0 5 0 10

Since the above crisp matrix game defined by Table (11) has no saddle point,
therefore according to the dominance property in matrix games, strategy X; can be
dominated by strategy X3 of player A. Hence we have a modified matrix game defined
by Table (13).

Table 13. First step of
dominance property.

Strategy | Y1 Yo Y3 Yj

X2 5 6 5 6
X3 6 4 6 0
X4 0 6 0 10

Again we have that all the elements of strategy Y7 are equal to the corresponding
elements of strategy Y3 for player B. Therefore either strategy Y; or strategy Y3 for
player B can be dominated by each other. Here we delete the strategy Y; for the new,
improved matrix game as Table (14).

Now each element of the average of strategies Y3 and Y, of player B are less than or
equal to the corresponding elements of strategy Y of player B. Therefore on deleting
the column strategy Y> by dominance property, we obtain a newly modified matrix
game defined by the following Table (15) as



Game-theoretic applications of pentagonal fuzzy ... 181

Table 14. Second step of
dominance property.

Strategy | Yo Y3 Yi

X2 6 5 6
X3 4 6 0
X4 6 0 10

Table 15. Third step
of dominance property.

Strategy | Y3 Yi

Xo 5 6
X3 6 0
X4 0 10

Further the matrix game as Table (14) can not be reduced by dominance rule.

Therefore by applying the graphical approach for m X 2 matrix game according as
Table (15) given by Figure 17.
Hence it is clear that the lowest boundary point P on the bounded region will give
the smallest expected loss to the minimizing player (playerB). So the best strategy
for player A are those which pass through the point P. Therefore we can write the
matrix game as given by the Table (15) in a 2 X 2 matrix game defined by the Table
(16) as follows:

Table 16. Fourth step of dominance
using graphical method.

Strategy | Y3 Ya

Xo 5 6
X3 6 0

The above 2 X 2 matrix game is without saddle point, so the strategy of both the
players are A (O, g, %, O) and B (O, 0, g, %) respectrivgly and the \r/aliue of game is %. In
[6] the optimal strategies of the players A(0,0,2,2), B(0,0,2,2) and the value of
the game %’ were evaluated.

Remark 1. If we delete the strategy Y3 for new improved matriz game as second step
of dominance property and further on going in a similar manner, we obtain the best
strategy for player A and B as A (0, g, %,O) and B (9,0,0, %) respectively and the

¢ 36
value of game is <.

5.1|Comparative Study of Proposed Defuzzification Techniques
by Numerical Examples

In this section we compared all the proposed defuzzification techniques numerically
for matrix game problems assigned by [6] and investigate that
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Fig. 17. Graphical representation for third step of dominance property.

I. The strategy of the game players remains unchanged in realistic game problems.

II. Centroid method and mean of a-cut method provides the same results.

IIT. Value of the matrix game obtained by removal of region method is the half of the
game value obtained by other remaining proposed methods.

6|Conclusion

This research paper has systematically explored and elucidated a range of mathemat-
ical concepts central to the pentagonal fuzzy numbers. The investigation developed
various concepts, including distinct representations, intrinsic properties, a-cuts, and
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defuzzification methodologies. The application of both linear and non-linear member-
ship functions in a symmetric fashion has been rigorously examined, contributing to
a comprehensive understanding of the subject. The incorporation of numerical exam-
ples drawn from matrix game problems, as originally provided by [6], has added depth
and context to the discourse. The introduction and analysis of novel defuzzification
techniques for pentagonal fuzzy numbers have provided valuable insights into optimal
strategies for players, as well as the determination of game values—parameters of sub-
stantial significance within real-world gaming scenarios. This paper offers a stepping
stone for further scholarly inquiries into the field of pentagonal fuzzy numbers across
diverse real-life problem domains. By shedding light on the representation, defuzzifica-
tion, and their applications within the context of game theory, this research develops
the way for continued exploration and innovative utilization of pentagonal fuzzy num-
bers in addressing complex phenomena. Researchers are encouraged to build upon this
foundation, unraveling the potential of pentagonal fuzzy numbers as a powerful tool
to handle the real-world challenges.
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